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Abstract. In this paper we investigate the localization of fermions on asymmetric
thick branes generated by two scalars φ and χ. In order to trap fermions on the
asymmetric branes with kink-like warp factors, the couplings with the background
scalars ηΨ¯F (χ, φ)Ψ are introduced, where F (χ, φ) is a function of φ and χ. We find
that the coupling ηΨ¯χφΨ do not support the localization of 4-dimensional fermions
on the branes. While, for the case ηΨ¯χΨ+ η′Ψ¯φΨ, which is the kink-fermion coupling
corresponding to one-scalar-generated brane scenarios, the zero mode of left-handed
fermions could be trapped on the branes under some conditions.
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21. Introduction
During the last two decades, the braneworld scenarios have received considerable
attention. The idea of embedding our universe in a higher dimensional space-time
provides new insights for solving long-standing problems such as the gauge hierarchy
problem [1, 2] and cosmological constant problem [3]. Recently the thick brane scenario
has obtained an increasing attention [4, 5, 6, 7, 8, 9, 10], since in more realistic models
the thickness of the brane should be taken into account. One can refer to a recent
review article on the subject of the thick brane solutions [11]. Two real scalar fields
coupled with gravity in 5-dimensional warped space-time as a thick brane realization
was investigated by Bazeia and Gomes in Ref. [12], where the brane was called a Bloch
brane. The Bloch brane is an extension of the known Bloch wall [13] in the context of
braneworlds.
Two kinds of analytic solutions of asymmetric two-field branes were found in
Ref. [14]. In Fig. 1, one of the warp factors e2A for the asymmetric two-field branes
is plotted. From Fig. 1, we can see that the warp factor tends to zero and a constant
when y goes to −∞ and ∞, respectively. However, in most of other brane solutions,
the warp factors decrease to zero when y approaches to ±∞ or the boundaries of the
extra dimension.
In a braneworld theory, a very interesting and important problem is the localization
of fermions. We know that Localization of fermions on thick branes requires additional
interactions besides gravity: a scalar-fermion coupling has to be included. For some thick
branes, with the scalar-fermion coupling, there may exit single bound state (the massless
mode) [15, 16, 17, 18], while for some other ones, mass gap and finite discrete Kaluza-
Klein (KK) modes appear in the KK spectrum of fermions [19, 20, 21, 22, 23, 24, 25]. In
Ref. [17], the simplest Yukawa coupling Ψ¯φχΨ was introduced for the two-field brane
model, and one single bound state of left-handed fermions was obtained.
As the asymmetric two-field branes found in [14] are very different from symmetric
thick branes, an interesting problem is to investigate how spin-1/2 fermions can be
localized on the branes. We will show that the coupling ηΨ¯χφΨ considered in the
literature for two-scalar brane models do not support the localization of 4-dimensional
massless fermions on the branes. So, other couplings should be considered in order
for massless chiral fermions to localize on the branes. We find that for the coupling
ηΨ¯χΨ+ η′Ψ¯φΨ, the kink-fermion coupling corresponding to one-scalar-generated brane
scenarios, the zero mode of left-handed fermions can be trapped on the branes providing
that the coupling constants η and η′ satisfy some conditions.
This paper is organized as follows: We first review the asymmetric two-field brane
model. Then we study the localization and spectra of fermions on the asymmetric
two-field branes by presenting the mass-independent potentials of the corresponding
Schro¨dinger problem of fermionic KK modes. We consider several different types of
scalar-fermion interaction. Finally, the conclusion is given in the last section.
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Figure 1. The shape of the warp factor e2A(y). The parameters are set to µ = 1,
a = 1.2 (thick line), a = 1 (dashed line) and a = 0.8 (thin line).
2. Review of the asymmetric two-field thick brane model
Bloch branes are constructed by two interacting real scalar fields φ and χ with a scalar
potential V (χ, φ) [12]. The corresponding action for the system is
S =
∫
d4xdy
√−g
[
1
4
R− 1
2
gMN(∂Mφ ∂Nφ+ ∂Mχ∂Nχ)− V (χ, φ)
]
, (1)
where y is the coordinate of the extra dimension, g ≡ det(gMN), and the metric is
assumed as
ds2 = gMNdx
MdxN = e2Aηµνdx
µdxν + dy2 (2)
with e2A the warp factor. A usual hypothesis is that A, φ and χ are only the functions
of y. From the action (1) we can obtain the Einstein equations and the equations of
motion of scalar fields [4, 12, 14]:
χ′′ + 4A′χ′ = Vχ(χ, φ),
φ′′ + 4A′φ′ = Vφ(χ, φ),
A′′ = −2
3
(φ′2 + χ′2),
A′2 = 1
6
(φ′2 + χ′2)− 1
3
V (χ, φ),
(3)
where prime stands for the derivative with respect to y, and Vφ ≡ ∂V/∂φ. By
introducing the superpotential
W (χ, φ) = φ
[
λ
(
φ2
3
− a2
)
+ µχ2
]
, (4)
the scalar potential [14]
V (χ, φ) =
1
2
[
(Wχ(χ, φ))
2 + (Wφ(χ, φ))
2
]
− 4
3
W (χ, φ)2
leads to another set of first-order differential equations to share the solutions with the
second-order equations (3), which are given by [14]
χ′ =Wχ(χ, φ), φ
′ = Wφ(χ, φ), A
′ = −2
3
W (χ, φ). (5)
4The above equations have four sets of asymmetric solutions when we take λ = µ and
λ = 4µ [14].
For λ = µ, the classical solutions for χ(y), φ(y) and A(y) can be shown to be
χ(y) =
a
2
[1± tanh(aµy)], (6)
φ(y) =
a
2
[± 1− tanh(aµy)], (7)
and
A(y) =
1
18
a2
[
4 ln(1± tanh(aµy))− tanh2(aµy)
]
. (8)
For λ = 4µ, the solutions are
χ(y) =
√
2 a
cosh(aµy)± sinh(aµy)√
cosh(2aµy)
, (9)
φ(y) =
a
2
[±1 − tanh(2aµy)], (10)
and
A(y) =
a2
36
{
±
[
32aµy − 6 tanh(2aµy)
]
+ tanh2(2aµy)− 16 ln cosh(2aµy)
}
. (11)
3. Localization of fermions on the asymmetric two-field branes
Let us consider the action of a 5-dimensional massless spin 1/2 fermion coupled to
gravity and the background scalar fields:
S1/2 =
∫
d5x
√−g
[
Ψ¯ΓMDMΨ− ηΨ¯F (χ, φ)Ψ
]
, (12)
where η is the coupling constant between fermions and scalar fields. Here, the
backreaction of the spinor field to the brane solution has been neglected. In order
to get mass-independent potentials for KK modes of fermions, we will follow Ref. [2]
and change the metric (2) to a conformally flat one
ds2 = e2A(ηµνdx
µdxν + dz2) (13)
by performing the coordinate transformation
dz = e−A(y)dy. (14)
Using the conformal metric (13) and the general gamma matrices ΓM = (e−Aγµ, e−Aγ5),
the equation of motion for fermions is read as[
γµ∂µ + γ
5(∂z + 2∂zA)− ηeAF (χ, φ)
]
Ψ = 0. (15)
Now we will using the general chiral decomposition
Ψ(x, z) =
∑
n
(
ψLn(x)fLn(z) + ψRn(x)fRn(z)
)
(16)
5to search for the solutions of right-handed and left-handed fermion fields. Here
ψLn = −γ5ψLn and ψRn = γ5ψRn, and they satisfy the 4-dimensional massive Dirac
equations: γµ∂µψLn = mnψRn and γ
µ∂µψRn = mnψLn. Then we obtain the equations
for fLn and fRn
{∂z + 2∂zA+ ηeAF (χ, φ)}fLn(z) = mnfRn(z), (17)
{∂z + 2∂zA− ηeAF (χ, φ)}fRn(z) = −mnfLn(z), (18)
with the following orthonormality conditions:∫
∞
−∞
e4AfLmfLndz =
∫
∞
−∞
e4AfRmfRndz = δmn,
∫
∞
−∞
e4AfLmfRndz = 0.(19)
Defining fL = f˜Le
−2A and fR = f˜Re
−2A, we obtain the Schro¨dinger-like equations for
the new functions f˜L and f˜R [16]:
[− ∂2z + VL(z)]f˜Ln = m2nf˜Ln,
[− ∂2z + VR(z)]f˜Rn = m2nf˜Rn,
(20)
where the effective potentials are given by
VL(z) = η
2e2AF 2(χ, φ)− η∂z[eAF (χ, φ)],
VR(z) = η
2e2AF 2(χ, φ) + η∂z[e
AF (χ, φ)].
(21)
Unfortunately, because of the complexity of A(y) in (8) and (11), we can not use
the relation (14) to get an analytic form of z(y) or its inverse y(z). So we have to
use numerical method to produce the pair of points (z, y) with a constant step in
z. This leads to the determination of VL(z) and VR(z). With the potentials in z
coordinate, we can solve Eqs. (20) numerically. With the expressions ∂zA = e
A(y)∂yA
and ∂zF = e
A(y)∂yF , we can rewrite the potentials (21) as the functions of y:
VL(z(y)) = ηe
2A[ηF 2 − ∂yF − F∂yA(y)],
VR(z(y)) = VL(z(y))|η→−η. (22)
The asymmetric two-field branes have four sets of solutions: two for λ = µ and two
for λ = 4µ. Because these solutions are very similar, here we only consider the following
one corresponding to λ = µ:
χ(y) =
a
2
[1 + tanh(µay)], (23)
φ(y) =
a
2
[1− tanh(µay)], (24)
A(y) =
a2
18
[4 ln (1 + tanh(aµy))− tanh2(aµy)]. (25)
Note that change the sign of µ or a will not effect the character of the solution, so
without loss of generality we choose µ > 0 and a > 0 in this paper. The shape of the
warp factor e2A(y) is shown in Fig. 1.
In order to localize fermions on the thick brane, we need to introduce the coupling
of fermions and background scalar fields. In despite of the expression of the potential
VL, the zero mode solution for left fermions can be solved formally as:
f˜L0(z) ∝ exp
(
−η
∫ z
0
dz′eA(z
′)F (χ(z′), φ(z′))
)
. (26)
6In order to know whether the zero mode is localized on the brane, we need to consider
the normalizable problem of the solution. The normalization condition for the zero
mode (26) is ∫
∞
−∞
dz exp
(
−2η
∫ z
0
dz′eA(z
′)F (χ(z′), φ(z′))
)
<∞. (27)
Because we have not the analytic expressions of the functions A(z), φ(z) and χ(z) in z
coordinate, we have to deal with the problem in y coordinate, in which the condition
(27) becomes ∫
∞
−∞
dy exp
(
−A(y)− 2η
∫ y
0
dy′F (χ(y′), φ(y′))
)
<∞. (28)
Now, it is clear that, because A(y) does not vanish at y → ∞, we must introduce
some kind of scalar-fermion coupling in order to localized fermion zero mode on the
brane. The normalization of the zero mode is decided by the asymptotic characteristic
of F (χ(y), φ(y)) at y → ±∞. In this paper, we consider the simplest couplings ηΨ¯χφΨ
and ηΨ¯χΨ+ η′Ψ¯φΨ.
3.1. Type I: ηΨ¯χφΨ
This type of coupling with F (χ, φ) = χφ has been considered for example in [17], which
is a natural generation of one-scalar brane scenarios. The explicit forms of the potentials
(21) are
VL =
a3η
144
e−
1
9
a2 tanh2(aµy)[1 + tanh(aµy)]4a
2/9
×
{
a sech2(aµy)[9η + 4aµ tanh(aµy)]
− 8a2µ+ 8µ(9 + a2) tanh(aµy)
}
sech2(aµy), (29)
VR = VL|η→−η. (30)
The shape of the potentials VL and VR is shown in Fig. 2. Although there exist potential
wells, the zero modes for both left and right fermions can not be localized on the brane
because the potentials trend to zero from below at y → ∞ or y → −∞. This can also
be validated by the following expression of the integrand in (28) for the left-handed
fermion zero mode:
I0 ≡ exp
[
−A(y)− 2η
∫ y
0
dy′χ(y′)φ(y′)
]
= exp
[
a2
18
tanh2(aµy)−aη
2µ
tanh(aµy)− 2a
2
9
ln(1 + tanh(aµy))
]
→ exp
(
−4a3µy/9
)
→∞ when y → −∞, (31)
which results in that the normalization condition (28) for the zero mode can not be
satisfied.
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Figure 2. The shape of the potentials VL(y) and VR(y) for the coupling F (χ, φ) = χφ.
The parameters are set to µ = 1, η = 2, a = 1.2 (thick line), a = 1 (dashed line) and
a = 0.8 (thin line).
3.2. Type II: ηΨ¯χΨ+ η′Ψ¯φΨ
Since both φ and χ are kink solutions, it is natural to ask whether the kink-fermion
coupling of the fermion with each scalar ηΨ¯χΨ + η′Ψ¯φΨ could trap the fermion zero
mode on the asymmetric brane. We rewrite the coupling as ηΨ¯(χ+ τφ)Ψ with τ = η′/η
for η 6= 0. The range of the parameter τ is −∞ < τ <∞. While, considering that the
potentials of left- and right-handed fermion KK modes are partner potentials, the range
of η can be restricted as η > 0.
For the coupling, the potentials (21) are
VL =
ηa2
36
e−
a
2
9
tanh2(aµy)[1 + tanh(aµy)]
4a
2
9
{
18µ(τ − 1)sech2(aµy)
+ 9η[(τ + 1)− (τ − 1)tanh(aµy)]2
+ 2a2µ[(τ + 1)− (τ − 1)tanh(aµy)]
×
[(
2 + sech2(aµy)
)
tanh(aµy)− 2
] }
, (32)
VR = VL|η→−η. (33)
For simplicity, we first focus on the special cases of τ = 1 and τ = −1. Then, we discuss
the general case of τ .
Case 1: τ = 1
For the case τ = 1, i.e., F (χ, φ) = χ + φ, we have ηΨ¯F (χ, φ)Ψ = aηΨ¯Ψ, which
is nothing but a mass term of fermions, and the integrand in (28) can be expressed
explicitly as
I1 = exp
{
a2
18
[ tanh2(aµy)− 4 ln(1 + tanh(aµy))]−2aηy
}
.
Since I1 > 0 for all y, the normalization condition (28) can be decomposed as the
following two: ∫
∞
0
dy I1 <∞,
∫ 0
−∞
dy I1 <∞. (34)
8When y → +∞, we have I1 → exp(−2aηy). So, in order to ensure that the first condition
in (34) is satisfied, we require η > 0 for a > 0. In the case of η > 0, a > 0 and µ > 0,
we reach
I1 → exp
[
−2a
(
2
9
a2µ+ η
)
y
]
→∞ (35)
when y → −∞, which results in the divergence of the second integrate in (34). Hence,
the zero mode of left-handed fermions can not be localized on the brane, so does the
right-handed zero mode.
Case 2: τ = −1
Considering the configuration of φ and χ, we can construct a combined kink
configuration via the two scalars and introduce the real kink-fermion coupling in the
asymmetric braneworld model. The construction is turned out to be F (χ, φ) = χ−φ =
a tanh(aµy), which is just the case τ = −1 mentioned above, and usually results in
localized left-handed fermion zero mode for some positive coupling constant η.
The shape of the corresponding potentials is shown in Fig. 3. It can be seen that
the potential for left-handed fermions has a negative potential well and vanishes from
above at y → −∞ and trends to a positive constant at y → ∞. To the best of our
knowledge, such a potential has not appeared in previous studies. It supports a bound
state–the massless KK mode and continuous massive KK modes with m2 > 0. For
m2 ≤ VL(y = ∞), the KK modes would be damped at y > 0 and oscillated at y < 0.
For m2 > VL(y =∞), the KK modes oscillate at both sides of the brane. Now, we work
out the localization condition for the left-handed fermion zero mode
f˜L0(z(y)) ∝ exp
(
−η
∫ y
0
dy′[χ(y′)− φ(y′)]
)
= exp
(
−η
µ
ln cosh(aµy)
)
= cosh−η/µ(aµy). (36)
The integrand in (28) is expressed as
I2 = exp
{
a2
18
[
tanh2(aµy)− 4 ln(1 + tanh(aµy))
]
− 2η
µ
ln cosh(aµy)
}
,(37)
from which we have
I2 → exp(−2aηy) when y → +∞, (38)
I2 → exp
[
2a
(
η − 2
9
µa2
)
y
]
when y → −∞. (39)
So if
η > 2µa2/9, (40)
the zero mode of left-handed fermions is normalizable. While the right one can not
be localized, which is a simple consequence of the fact that VL and VR are partner
potentials. Fig. 4 clearly shows that the zero mode of left-handed fermions is localized
on the brane.
9-4 -2 2 4 y
-2
2
4
6
VLHyL
-4 -2 2 4 y
2
4
6
VRHyL
Figure 3. The shape of the potential VL(y) and VR(y) for the coupling F (χ, φ) =
χ − φ. The parameters are set to µ = 1, η = 2, a = 1.2 (thick line), a = 1 (dashed
line) and a = 0.8 (thin line).
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Figure 4. The zero mode fL0 of left-handed fermions for the coupling F (χ, φ) = χ−φ.
The parameters are set to µ = 1, η = 2, a = 1.2 (thick line), a = 1 (dashed line) and
a = 0.8 (thin line).
Case 3: arbitrary τ
Now, we investigate the the general case with arbitrary τ . The left-handed fermion
zero mode is read as
f˜L0(y) ∝ exp
(
−η
∫ y
0
dy′[χ(y′)− τφ(y′)]
)
= e−(τ+1)aηy/2 cosh(τ−1)η/(2µ)(aµy). (41)
The integrand in (28) is expressed as
I3 =
a2
18
tanh2(aµy)− a
9
[
9(τ + 1)η + 2a2µ
]
y
+
[
(τ − 1)η
µ
+
2a2µ
9
]
ln(cosh(aµy)). (42)
Now we have
I3 → exp(−2aηy) when y → +∞, (43)
I3 → exp
[
2a
(
−τη − 2
9
µa2
)
y
]
when y → −∞. (44)
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So if
η > 0 and η′ = τη < −2µa2/9, (45)
the zero mode of left-handed fermions is normalizable. For the case τ = 1 and η > 0,
the condition (45) can not be satisfied, which results in that the massless mode can
not be localized on the brane. For the case τ = −1, the normalization condition (45)
reduces to (40).
4. Conclusions
In this paper we have investigated the problem of localization of fermions on the
asymmetric two-field thick branes. Different from other two-scalar brane models, in
the asymmetric branes, both scalars are kink-like configurations and there are two
“Minkowski-type” regions separated by a transition one along extra dimension. These
characters make it difficult to localize fermions on the branes, because both the kink-
fermion coupling Ψ¯(φ+χ)Ψ and usual coupling Ψ¯φχΨ do not support the localization of
4-dimensional fermions on the branes. The key point of localization problem for fermions
is to construct effective couplings with the two scalars. By analysis, we showed that
the real kink-fermion coupling corresponding to one-scalar-generated brane scenarios is
ηΨ¯(χ − φ)Ψ, for which the potential for the KK modes of left-handed fermions has a
negative well and there exists only a bound massless mode followed by a continuous
gapless spectrum of KK states. The zero mode of left-handed fermions is normalizable
and can be trapped on the brane under the condition η > η0 with the critical coupling
constant η0 = 2µa
2/9. For general coupling ηΨ¯χΨ+η′Ψ¯φΨ, the normalization condition
for the massless left-handed fermion KK mode is η > 0, η′ < −η0.
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